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Spatio-TemporalModelingforBiosurveillance

D.S.Stoffer

UniversityofPittsburgh

STARMAXRevisted

Stoffer(1986).EstimationandIdentificationofSpace-TimeARMAXModels

withMissingDataJASA,762-772.(Anapproachtospace-timemodelingusing

aspatiallyconstrainedstatespacemodel.)
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TheData:ThePennsylvaniaportionofCDCsNationalInfluenzaSurveillance

Effortdataset.Theseareweeklymortalityreportsforpneumoniaand

influenzainvariouslocations,1962–present.
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ThreeSeries:
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Poissonmodels:Thebasicmodelfortimeseriesofcountsis

yt

∣∣
yt−1,yt−2,...∼Poisson(µt),where

logµt=Γuuut+

p
∑

i=1

φiyt−i.

Here,uuutarecovariates(orinputs).Somedifficulties:

•notstationaryexceptunderrestrictiveconditions

•noobviouswaytoanalyzemultipleseries

•interpretationdifficult:E{yt|past}=exp(Γuuut)exp(∑p

i=1φiyt−i)

•includingcorrelatederrorsisdifficult(glarma).

Davis,Dunsmuir&Wang(1999).ModellingTimeSeriesofCountData.

Asymptotics,Nonparametrics,andTimeSeries,Marcel–Dekker,63114.

Fahrmeir&Tutz(1994)MultivariateStatisticalModelingBasedonGeneralised

LinearModels,Springer-Verlag.

Zeger(1988).Aregressionmodelfortimeseriesofcounts.Biometrika,621-629.
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Itwouldbedifficulttomodeltheoriginaldata(evenundernormality)

withoutsometransformation,whichisn’tallowedinPoissonmodels,

becauseitwoulddestroythePoisonness.

TheACFforPittsburgh(localtrends,longmemory,persistentseasonality):
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Anapproachistotransformthedata.Forexample,forPittsburgh,let

z
∗
tbetheoriginalobservations.Letzt=√z

∗
t+1(variancestabilizing

transformation),andfinally,considertheweeklychanges:yt=zt−zt−1
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TheACFandPACFofytsuggestasimpleMA(1)model:

yt=wt−θwt−1wherewtiswhitenoise(orperhapsARCH).Similary,

thisisanIMA(1,1)forthetransformedseries;thatis,

zt=zt−1+wt−θwt−1.(recallyt=zt−zt−1where“z=
√

data+1”)
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Asimpleestimateyieldsθ̂=.6andthefittedmodel(totheactualdata)is:
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Recallzt=zt−1+wt−θwt−1where“z=
√

data+1”.
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HowaboutAllentown?
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Allentown?SamemodelasPittsburghwithθ̂=.8.Notbad!

1960196519701975198019851990199520002005
−2

0

2

4

6

8

10

12

14

16

Weeks

M
ortality

Allentown
Predicted
Pred + 3 SEs

10



'

&

$

%

Towardamoregeneral(spatial)model:

AmodelthatfitsthedatabetterisanARMA(1,1)foryt,thatis,

yt=φyt−1+wt−θwt−1

whereyt=zt−zt−1and“z=
√

data+1”.Thismodelcanbewrittenin

state-spaceform
†
:

xt+1=φxt+(φ−θ)wt

yt=xt+wt

xt:stateequation(unobserved-factor)

yt:observationequation(observed)

wt:whitenoise(unobserved-error).

†
yt−φyt−1=xt+wt−φ(xt−1+wt−1)=[(φ−θ)wt−1]+wt−φwt−1
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TheGeneralState-SpaceModel†

Notation:

xxxt+1=Φxxxt+Υuuut+Gwwwtt=0,1,...,n

yyyt=Atxxxt+Γuuut+vvvtt=1,...,n

xxxt:p-dimensionalstatevector

yyyt:q-dimensionalobservationvector

uuut:r-dimensionalfixedinputvector

var(wwwt)=Q,var(vvvt)=R,cov(wwwt,vvvt)=S

ModeluniquelyparameterizedbyΘ(k-dimensional):

Φ=Φ(Θ),Υ=Υ(Θ),G=G(Θ),Q=Q(Θ),At=At(Θ),

Γ=Γ(Θ),R=R(Θ),S=S(Θ).

†
Shumway&Stoffer(2000,Ch4).TimeSeriesAnalysisandItsApplications.

NewYork:Springer.
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TheKalmanfilteryields

Prediction:yyy
t−1
t=BLP{yyyt

∣∣
yyyt−1,...,yyy1;Θ}

Innovations:εεεt(Θ)=yyyt−yyy
t−1
t;var{εεεt(Θ)}=Σt(Θ)

EstimationofΘ:TheinnovationsformoftheGaussianlikelihood

(ignoringaconstant)is

−lnLY(Θ)=
1

2

n∑

t=1

{
ln|Σt(Θ)|+εεεt(Θ)

′
Σt(Θ)

−1
εεεt(Θ)

}

whereLY(Θ)denotesthelikelihoodofΘgiventhedatayyy1,...,yyyn

assumingnormality.

Quasi-GMLviaNewton-Raphson:Θ̂=argmaxΘLY(Θ)

Notes:Canuseamixtureofnormalifthedataaremarkedlynon-normal.Can

includestochasticvolatility.cusumpossibleonstandardizedinnovations

Σ
−1/2
tεεεt.

13



'

&

$

%

AModelforanIndividualLocation(e.g.Pittsburgh):

xt+1=φxt+(φ−θ)wt,t=0,1,...,n

yt=xt+Γuuut+wtt=1,...,n.

•yt=zt−zt−1isaunivariateprocess(“z=
√

data+1”...could

alsotryyt=zt−zt−52),

•Γisa1×rvectorof(constrained/unconstrained)regression

parameters,

•uuutisanr×1vectorofinputs,includingmortalityratesfrom

nearbylocationsatvarioustimelags(contemporaneousvalues

included).

•Here,Θ=(φ,θ,γ1,...,γr,σ
2
w)

′
.
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ThepreviousmodelwasfittothePittsburghdata.

Γ̂uuut=(.04alt,.04pht,.09rdt,.11sct,.07alt−1,.02pht−1,.01rdt−1,.02sct−1,

−.03alt−2,.01pht−2,.06rdt−2,.03sct−2)
′

[largestSE=.003]

Andφ̂=.1(.05),θ̂=.7(.02),σ̂w=.7
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TheInnovations(residuals):

−3−2−10123
0

100

200

300

400

500

600

700
Histogram of the Residuals

−3−2−10123
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Empirical Distribution of the Standardized Residuals

Normal cdf
Empirical df

16



'

&

$

%

SimilarmodelforPhiladelphia:
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STARMAX:

ASpatiallyConstrainedMultivariateApproach:

xxxt+1=DΦxxxt+D(Φ−Θ)wwwtt=0,1,...,n

yyyt=xxxt+Γuuut+wwwtt=1,...,n

xxxtisthep-dimensionalstatevector

yyytisthep-dimensionalobservationvector

uuutisther-dimensionalvectorofeXogenousvariables

wwwtisthep-dimensionalnoisevector

ΦandΘarediagonalp×pparametermatrices

Γisap×rmatrixofregressionparameters

Disap×pmatrixofspecifiedspatialconstraints

Thisstate-spacemodelimplies

yyyt=DΦyyyt−1+Γuuut+wwwt−DΘwwwt−1
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Themodeliseasilygeneralizedtoarbitraryordersandspatial

constraints.Forexample:

xxxt+1=

[D1Φ1D2Φ2

I0

]
xxxt+

[D1(Φ1−Θ1)

D2Φ2

]
wwwt

yyyt=[I,0]xxxt+Γuuut+wwwt

yieldstheSTARMAX(2,1)model:

yyyt=D1Φ1yyyt−1+D2Φ2yyyt−2+Γuuut+wwwt−D1Θ1wwwt−1

whereD1andD2arefirstorderandsecondorderspatialconstraint

matricesandΦ1,Φ2,Θ1arediagonalmatrices,asbefore.The

eXogenousvariables[inputs]areuuut.

Note:xxxtis2p×1andyyytisp×1
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Pittsburgh
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Philadelphia
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Allentown
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DMatrix[Dij=ĉorr(yyyt,yyyt−1)]:

Alln(t-1)Phil(t-1)Pitt(t-1)Read(t-1)Scrn(t-1)

Alln(t)1.016.007-.016.027

Phil(t).0421-.047-.022.040

Pitt(t).043-.0101-.051-.029

Read(t).013-.011-.0381.002

Scrn(t).017-.016-.035-.0111

Estimates&Errors:

originaldataunits

phise|thetase|rmspestdevimprovement

Allentown0.090.02|0.830.02|1.31.619%

Philadelphia0.070.03|0.720.02|7.09.526%

Pittsburgh0.090.03|0.730.02|4.35.522%

Reading0.040.02|0.800.02|1.92.317%

Scranton0.130.02|0.810.02|1.51.66%
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