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I.TheGelfand-PinskerCodingTheorem

- - --

6 6

Ps(x)

Pc(z|y,x) YN=e(W,XN)Ŵ=d(ZN)

Ŵ ZN YN

XN

W

Messages:Pr{W=w}=1/Mforw∈{1,2,···,M}.

Sideinformation:Pr{XN=xN}=ΠN
n=1Ps(xn)forxN∈XN.

Channel:discretememoryless{Y×X,Pc(z|y,x),Z}.

Errorprobability:PE=Pr{Ŵ6=W}.

Rate:R=
1
Nlog2(M).
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Capacity

Theside-informationcapacityCsiisthelargestρsuchthatforallε>0

thereexistforalllargeenoughNencodersanddecoderswithR≥ρ−ε

andPE≤ε.

THEOREM(Gelfand-Pinsker[1980]):

Csi=max
Pt(u,y|x)

I(U;Z)−I(U;X).(1)

Achievabilityproof:Fixatest-channelPt(u,y|x).ConsidersetsAε(·)

ofstronglytypicalsequences,etc.

(a)Foreachmessageindexw∈{1,···,2NR},generate2NRusequences

uNatrandomaccordingtoP(u)=
∑

x,yPs(x)Pt(u,y|x).Givethesese-

quencesthelabelw.

(b)WhenmessageindexwhastobetransmittedchooseasequenceuN

havinglabelwsuchthat(uN,xN)∈Aε(U,X).Suchasequenceexists

almostalwaysifRu>I(U;X)(roughly).
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(c)TheinputsequenceyNresultsfromapplyingthe”channel”P(y|u,x)=

Pt(y,u|x)/
∑

yPt(u,y|x)touNandxN.ThenyNistransmitted.

(d)ThedecoderuponreceivingzN,looksfortheuniquesequenceuN

suchthat(uN,zN)∈Aε(U,Z).IfR+Ru<I(U;Z)(roughly)sucha

uniquesequenceexists.ThemessageindexisthelabelofuN.

ConclusionisthatR<I(U;Z)−I(U;X)isachievable.

Observations

A:AsanintermediateresultthedecoderrecoversthesequenceuN.

B:ThetransmitteduNisjointlytypicalwiththeside-infosequence

xN,i.e.(uN,xN)∈Aε(U,X)thustheirjointcompositionisOK.Note

thatP(u,x)=
∑

yPs(x)Pt(u,y|x).
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II.Noise-freeEmbedding

6

- -

- -

Ŵ=d(YN)

YN=e(W,XN) Ps(x)

YN

W

XN

Ŵ

Messages:Pr{W=w}=
1
Mforw∈{1,2,···,M}.

Source(host):Pr{XN=xN}=Πn=1,NPs(xn)forxN∈XN.

Errorprobability:PE=Pr{Ŵ6=W}.

Rate:R=
1
Nlog2(M).

Embeddingdistortion:Dxy=E[
1
N

∑
n=1,NDxy(Xn,en(W,XN))]forsome

distortionmatrix{Dxy(x,y),x∈X,y∈Y}.
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Achievableregionnoise-freeembedding

Arate-distortionpair(ρ,∆xy)issaidtobeachievableifforallε>0

thereexistsforalllargeenoughNencodersanddecoderssuchthat

R≥ρ−ε,

Dxy≤∆xy+ε,

PE≤ε.

THEOREM(Chen[2000],Barron[2000]):Thesetofachievable

rate-distortionpairsisequaltoGnfewhichisdefinedas

Gnfe={(ρ,∆xy):0≤ρ≤H(Y|X),

∆xy≥
∑

x,y
P(x,y)Dxy(x,y),

forP(x,y)=Ps(x)Pt(y|x)}.(2)

Again{X,Pt(y|x),Y}iscalledtest-channel.
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Proof:

Achievability:IntheGelfand-Pinskerachievabilityproof,notethatZ=

Y(noiselesschannel)andtaketheauxiliaryrandomvariableU=Y.

Then(xN,yN)∈Aε(X,Y)henceDxyisOK.Fortheembeddingratewe

obtain

R=I(U;Z)−I(U;X)=I(Y;Y)−I(Y;X)=H(Y|X).

Converse:Ratepart:

log2(M)≤H(W)−H(W|Ŵ)+Fanoterm

≤H(W|XN)−H(W|XN,YN)+Fanoterm

=I(W;YN|XN)+Fanoterm

≤H(YN|XN)+Fanoterm

≤
∑

n=1,N

H(Yn|Xn)+Fanoterm

≤NH(Y|X)+Fanoterm,
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whereXandYarerandomvariableswith

Pr{(X,Y)=(x,y)}=
1

N

∑

n=1,N

Pr{(Xn,Yn)=(x,y)},

forx∈Xandy∈Y.Notethatforx∈X

Pr{X=x}=Ps(x).

Distortionpart:

Dxy=
∑

xN,yN

Pr{(XN,YN)=(xN,yN)}
1

N

∑

n
Dxy(xn,yn)

=
∑

x,y
Pr{(X,Y)=(x,y)}Dxy(x,y).

LetPE↓0,etc.
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III.ReversibleEmbedding
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- -

-

- -

(Ŵ,X̂N
1)=d(YN)

YN=e(W,XN) Ps(x)

X̂N
1

YN

W

XN

Ŵ

Messages:Pr{W=w}=
1
Mforw∈{1,2,···,M}.

Source(host):Pr{XN=xN}=Πn=1,NPs(xn)forxN∈XN.

Errorprobability:PE=Pr{Ŵ6=W∨X̂N
16=XN}.

Rate:R=
1
Nlog2(M).

Embeddingdistortion:Dxy=E[
1
N

∑
n=1,NDxy(Xn,en(W,XN))]forsome

distortionmatrix{Dxy(x,y),x∈X,y∈Y}.

InspiredbyFridrich,Goljan,andDu,”Losslessdataembeddingforallimageformats,”

Proc.SPIE,SecurityandWatermarkingofMultimediaContents,SanJose,CA,2002.
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Achievableregionforreversibleembedding

Arate-distortionpair(ρ,∆xy)issaidtobeachievableifforallε>0

thereexistsforalllargeenoughNencodersanddecoderssuchthat

R≥ρ−ε,

Dxy≤∆xy+ε,

PE≤ε.

RESULT(Kalker-Willems[2002]):Thesetofachievablerate-distortion

pairsisequaltoGrewhichisdefinedas

Gre={(ρ,∆xy):0≤ρ≤H(Y)−H(X),

∆xy≥
∑

x,y
P(x,y)Dxy(x,y),

forP(x,y)=Ps(x)Pt(y|x)}.(3)

Notethat{X,Pt(y|x),Y}isthetestchannel.
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Proof:

Achievability:IntheGelfand-Pinskerachievabilityproof,notethatZ=

Y(noiselesschannel)andtaketheauxiliaryrandomvariableU=[X,Y].

ThenxNcanbereconstructedbythedecoderand(xN,yN)∈Aε(X,Y)

henceDxyisOK.Fortheembeddingrateweobtain

R=I(U;Z)−I(U;X)=I([X,Y];Y)−I([X,Y];X)=H(Y)−H(X).

Converse:Ratepart:

log2(M)≤H(W)−H(W,XN|Ŵ,X̂N
1)+Fanoterm

=H(W,XN)−H(W,XN|Ŵ,X̂N
1)−H(XN)+Fanoterm

≤H(W,XN)−H(W,XN|YN,Ŵ,X̂N
1)−H(XN)+Fanoterm

=I(W,XN;YN)−H(XN)+Fanoterm

=H(YN)−H(XN)+Fanoterm

≤
∑

n=1,N

[H(Yn)−H(Xn)]+Fanoterm

≤N[H(Y)−H(X)]+Fanoterm,
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whereXandYarerandomvariableswith

Pr{(X,Y)=(x,y)}=
1

N

∑

n=1,N

Pr{(Xn,Yn)=(x,y)},

forx∈Xandy∈Y.Notethatforx∈X

Pr{X=x}=Ps(x).

Distortionpart:

Dxy=
∑

xN,yN

Pr{(XN,YN)=(xN,yN)}
1

N

∑

n
Dxy(xn,yn)

=
∑

x,y
Pr{(X,Y)=(x,y)}Dxy(x,y).

LetPE↓0,etc.
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Example:Binarysource,Hammingdistortion
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Since

∆xy≥pxd1+(1−px)d0

py=px(1−d1)+(1−px)d0

wecanwrite

py≤∆xy+px(1−2d1).

Assumew.l.o.g.thatpx≤1/2.Firstlet∆xybesuchthat∆xy+px≤1/2

or∆xy≤1/2−px.Thenwehave

py≤∆xy+px≤1/2,
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andhence

ρ≤h(py)−h(px)≤h(px+∆xy)−h(px).

Howeverρ=h(px+∆xy)−h(px)isachievablewith∆xybytaking

d1=0andd0=
∆xy

1−px
.

Notethatthetestchannelisnotsymmetricandthat

d0=
∆xy

1−px
≤

1/2−px

1−px
≤1/2.

For∆xy+px≥1/2therateisboundedasρ≤1−h(px)butalso

achievable.
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Plotofrate-distortionregionGre
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Horizontalaxis∆xy,verticalaxisρ,forpx=0.2.Maximumembedding

rate1−h(0.2)≈0.278.
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Anotherperspective

xN(k)

6

yN(k+1) yN(k)

w(k+1) w(k)

xN(k+1)

6

ConsiderablockedsystemwithblocksoflengthN.

Inblockkmessagebitscanbe(noise-free)embeddedwithrateH(Y|X)

andcorrespondingdistortion.

Theninblockk+1messagebitsareembeddedthatallowforrecon-

structionofxN(k)givenyN(k).ThisrequiresNH(X|Y)bits.Therefore

theresultingembeddingrateis

R=H(Y|X)−H(X|Y)

=H(Y,X)−H(X)−H(X|Y)

=H(Y)−H(X).
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IV.RobustandReversibleEmbedding

-

-
- -

--

6

(Ŵ,X̂N
1)=d(ZN)

ZN

X̂N
1

Pc(z|y)

Ps(x)YN=e(W,XN)

Ŵ

XN

W

YN

Messages:Pr{W=w}=
1
Mforw∈{1,2,···,M}.

Source(host):Pr{XN=xN}=Πn=1,NPs(xn)forxN∈XN.

Channel:discretememoryless{Y,Pc(z|y),Z}.

Errorprobability:PE=Pr{Ŵ6=W∨X̂N
16=XN}.

Rate:R=
1
Nlog2(M).

Embeddingdistortion:Dxy=E[
1
N

∑
n=1,NDxy(Xn,en(W,XN))]forsome

distortionmatrix{Dxy(x,y),x∈X,y∈Y}.
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Achievableregionforrobustandreversibleembedding

Arate-distortionpair(ρ,∆xy)issaidtobeachievableifforallε>0

thereexistsforalllargeenoughNencodersanddecoderssuchthat

R≥ρ−ε,

Dxy≤∆xy+ε,

PE≤ε.

RESULT(Willems-Kalker[2003]):Thesetofachievablerate-distortion

pairsisequaltoGrrewhichisdefinedas

Grre={(ρ,∆xy):0≤ρ≤I(Y;Z)−H(X),

∆xy≥
∑

x,y
P(x,y)Dxy(x,y),

forP(x,y,z)=Ps(x)Pt(y|x)Pc(z|y)}.(4)

18



Proof:

Achievability:IntheGelfand-Pinskerachievabilityproofagaintakethe

auxiliaryrandomvariableU=[X,Y].ThenxNcanbereconstructedby

thedecoderandsince(xN,yN)∈Aε(X,Y)theembeddingdistortionDxy

isOK.Fortheembeddingrateweobtain

R=I(U;Z)−I(U;X)=I([X,Y];Z)−I([X,Y];X)=I(Y;Z)−H(X).

Converse:Ratepart:

log2(M)≤H(W)−H(W,XN|Ŵ,X̂N
1)+Fanoterm

=H(W,XN)−H(W,XN|Ŵ,X̂N
1)−H(XN)+Fanoterm

≤H(W,XN)−H(W,XN|ZN,Ŵ,X̂N
1)−H(XN)+Fanoterm

=I(W,XN;ZN)−H(XN)+Fanoterm

=I(YN;ZN)−H(XN)+Fanoterm

≤
∑

n=1,N

[I(Yn;Zn)−H(Xn)]+Fanoterm

≤N[I(Y;Z)−H(X)]+Fanoterm,
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whereX,YandZarerandomvariableswith

Pr{(X,Y,Z)=(x,y,z)}=
1

N

∑

n=1,N

Pr{(Xn,Yn,Zn)=(x,y,z)},

forx∈X,y∈Y,andz∈Z.Notethatforx∈X

Pr{X=x}=Ps(x).

andfory∈Yandz∈Z

Pr{Z=z|Y=y}=Pc(z|y).

Distortionpart:

Dxy=
∑

xN,yN

Pr{(XN,YN)=(xN,yN)}
1

N

∑

n
Dxy(xn,yn)

=
∑

x,y
Pr{(X,Y)=(x,y)}Dxy(x,y).

LetPE↓0,etc.
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Example:Binarysource,Hammingdistortion,binary
symmetricchannel
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Similaranalysisasbefore.
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PlotofachievableregionGrre
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Horizontalaxis∆xy,verticalaxisρforpx=α=0.1.Minimaldistortion

≈0.218,maximumembeddingrate1−h(0.1)−h(0.1)≈0.062.
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Thezero-ratecase:Robustification

- -

---

YN=e(XN)

X̂N
1=d(ZN)

Ps(x)

Pc(z|y)

X̂N
1 ZN

YN XN

Source(host):Pr{XN=xN}=Πn=1,NPs(xn)forxN∈XN.

Channel:discretememoryless{Y,Pc(z|y),Z}.

Errorprobability:PE=Pr{X̂N
16=XN}.

Robustificationdistortion:Dxy=E[
1
N

∑
n=1,NDxy(Xn,en(W,XN))]for

somedistortionmatrix{Dxy(x,y),x∈X,y∈Y}.
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Achievabledistortionsforrobustification

Adistortion∆xyissaidtobeachievableifforallε>0thereexistsfor

alllargeenoughNencodersanddecoderssuchthat

Dxy≤∆xy+ε,

PE≤ε.

RESULT:ThesetofachievabledistortionsisequaltoGrobwhichis

definedas

Grob={∆xy:∆xy≥
∑

x,y
P(x,y)Dxy(x,y),

forP(x,y,z)=Ps(x)Pt(y|x)Pc(z|y)

suchthatH(X)≤I(Y;Z)}.(5)

RelatedtoShannon’sseparationprinciple!Robustificationisnotpossi-

bleifH(X)>maxPt(y)I(Y;Z).
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V.PartiallyReversibleEmbedding

6

- -

-

- -

VN=f(YN)
VN

Ŵ=d(YN)

YN=e(W,XN) Ps(x)

YN

W

XN

Ŵ

Messages:Pr{W=w}=
1
Mforw∈{1,2,···,M}.

Source(host):Pr{XN=xN}=Πn=1,NPs(xn)forxN∈XN.

Errorprobability:PE=Pr{Ŵ6=W}.

Rate:R=
1
Nlog2(M).

Embeddingdistortion:Dxy=E[
1
N

∑
n=1,NDxy(Xn,en(W,XN))]forsome

distortionmatrix{Dxy(x,y),x∈X,y∈Y}.

Restorationdistortion:Dxv=E[
1
N

∑
n=1,NDxv(Xn,fn(YN))]foradis-

tortionmatrix{Dxv(x,v),x∈X,z∈V}.

25



Achievableregionforpartiallyreversibleembedding

Arate-distortiontriple(ρ,∆xy,∆xv)issaidtobeachievableifforall

ε>0thereexistsforalllargeenoughNencodersanddecoderssuch

that

R≥ρ−ε,

Dxy≤∆xy+ε,

Dxv≤∆xv+ε,

PE≤ε.

RESULT(Willems-Kalker[2002]):Thesetofachievablerate-distortion

triplesisgivenbyGprewhichisdefinedas

Gpre={(ρ,∆xy,∆xv):0≤ρ≤H(Y)−I(X;Y,V),

∆xy≥
∑

x,y,v
P(x,y,v)Dxy(x,y),

∆xv≥
∑

x,y,v
P(x,y,v)Dxv(x,v),

forP(x,y,v)=Ps(x)Pt(y,v|x)}.(6)
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Proof:

Achievability:IntheGelfand-Pinskerachievabilityproof,noteagain

thatZ=Y(noiselesschannel)andtaketheauxiliaryrandomvariable

U=[Y,V].ThenvNcanbereconstructedbythedecoderandsince

(xN,yN,vN)∈Aε(X,Y,V)bothDxyandDxvareOK.Fortheembedding

rateweobtain

R=I(U;Z)−I(U;X)=I([Y,V];Y)−I([Y,V];X)=H(Y)−I(X;Y,V).

Converse:Ratepart:

log2(M)=H(YN,VN,W)−H(YN,VN|W)

≤H(YN)+H(W|Ŵ)−I(YN,VN;XN|W)

≤H(YN)−H(XN|W)+H(XN|W,YN,VN)+Fanoterm

≤H(YN)−H(XN)+H(XN|YN,VN)+Fanoterm

≤
∑

n=1,N

H(Yn)−
∑

n=1,N

H(Xn)+
∑

n=1,N

H(Xn|Yn,Vn)+Fanoterm

≤N[H(Y)−H(X)+H(X|Y,V)]+Fanoterm

=N[H(Y)−I(X;Y,V)]+Fanoterm,
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whereX,YandVarerandomvariableswith

Pr{(X,Y,V)=(x,y,v)}=
1

N

∑

n=1,N

Pr{(Xn,Yn,Vn)=(x,y,v)},

forx∈X,y∈Y,andv∈V.Notethatforx∈X

Pr{X=x}=Ps(x).

Distortionparts:

Dxy=
∑

xN,yN

Pr{(XN,YN)=(xN,yN)}
1

N

∑

n
Dxy(xn,yn)

=
∑

x,y
Pr{(X,Y)=(x,y)}Dxy(x,y).

Dxv=
∑

xN,vN

Pr{(XN,VN)=(xN,vN)}
1

N

∑

n
Dxv(xn,vn)

=
∑

x,v
Pr{(X,V)=(x,v)}Dxv(x,v).

LetPE↓0,etc.
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Theotherperspectiveagain

ConsiderablockedsystemwithblocksoflengthN.

Inblockkamessagecanbe(noise-free)embeddedwithrateH(Y|X)

andthecorrespondingdistortion.

Theninblockk+1dataisembeddedthatspecifiesarestorationse-

quencevN(k)givenyN(k).ThisrequiresNI(X;V|Y)bits.Therefore

theremainingembeddingrateis

R=H(Y|X)−I(X;V|Y)

=H(Y|X)−H(X|Y)+H(X|Y,V)

=H(Y)−H(X)+H(X|Y,V)=H(Y)−I(X;Y,V).
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Thezero-ratecase:Self-Embedding

--

-- YN=e(XN) Ps(x)

VN VN=f(YN)

XNYN

Source(host):Pr{XN=xN}=Πn=1,NPs(xn)forxN∈XN.

Embeddingdistortion:Dxy=E[
1
N

∑
n=1,NDxy(Xn,en(W,XN))]forsome

distortionmatrix{Dxy(x,y),x∈X,y∈Y}.

Restorationdistortion:Dxv=E[
1
N

∑
n=1,NDxv(Xn,fn(YN))]foradis-

tortionmatrix{Dxv(x,v),x∈X,z∈V}.
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Achievabledistortionsforself-embedding

Adistortionpair(∆xy,∆xv)issaidtobeachievableifforallε>0there

existsforalllargeenoughNencodersanddecoderssuchthat

Dxy≤∆xy+ε,

Dxv≤∆xv+ε.

RESULT(Willems-Kalker[2002]):Thesetofachievabledistortion

pairsisequaltoGsewhichisdefinedas

Gse={(∆xy,∆xv):∆xy≥
∑

x,y,v
P(x,y,v)Dxy(x,y),

∆xv≥
∑

x,y,v
P(x,y,v)Dxv(x,v),

forP(x,y,v)=Ps(x)Pt(y,v|x)

suchthatH(Y)≥I(X;Y,V)}.(7)

Self-embeddingisputtingavectorquantizerintoascalarquantizer.Or

makinganabstractindextoarestorationvectorvNmeaningful.
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VI.Remarks

1.OurresultsarerelatedtoresultsofSutivong,Cover,etal.Slightly

differentsetupshowever.Embeddingdistortion.

2.WecannotdothepartiallyreversibleANDrobustcase.Anachievable

regionwouldbesimilartotheSutivong,Cover,Chiang,Kim[2002]

region.Noconverse.

3.Codingtechniquesforthereversiblecasehavebeenstudied(with

DeranMaas[2002]).

4.Openproblems:(A)Arimoto-Blahutmethodstocomputetherate-

distortionfunctions,(B)Codingtechniques,especiallyforthezero-

ratecases.
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