
UniversalLosslessCodingPerformanceBounds1

'

&

$

%

ApplicationsofRandomCodingandAlgebraic
CodingTheoriestoUniversalLosslessSource

CodingPerformanceBounds

GilI.Shamir

DepartmentofElectrical&ComputerEngineering

UniversityofUtah

SaltLakeCity,UT84112

U.S.A.

DIMACS-2003

WorkshoponAlgebraicCodingTheoryandInformationTheory

DIMACSCenter,RutgersUniversity,Piscataway,NJ

December15-18,2003



UniversalLosslessCodingPerformanceBounds2

'

&

$

%

Overview

ResearchProblem

•AverageCaseUniversalLosslessCompression

•PerformanceLowerBounds(onRedundancy-bestpossibleperformanceofany

schemeforaspecificmodel)

ResearchApproach

•UseRedundancy-CapacityTheoremstoobtainbounds

•Lowerboundtherelevantcapacityforgivensourcemodel

ModelsDiscussed

•finitenumberofparametersparametricsources

•i.i.d.sourceswithlargealphabets

•patternsinducedbyi.i.d.sources

•piecewisestationarysources

•piecewisestationarysourceswithslowlyvaryingstatistics

•switchingsources
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UniversalCodingandRedundancy

ProblemLayout

•Asequencex
n
oflengthn,governedbyPθ,

•θunknowninaknownclassΛ,

•uniquelydecipherablecodeL(·)maydependonΛbutindependentofθ.

•Unknownparameterscostredundancy.

AverageRedundancy

ofcodeL(·)forn-sequencesdrawnbysourceθ

Rn(L,θ)
4
=
1

n
EθL(X

n
)−Hθ(X

n
)

•Eθ-meanw.r.t.θ,

•Hθ-persymbolentropy.

AverageUniversalityMeasureofaClassΛ

•MaximinR−
n(Λ)andMinimaxR

+
n(Λ)averageredundancies-bestcodefor

someworstaverage(overx
n
)case.[Davisson,1973]

•Averageredundancyformostsources[Rissanen,1984](strongestsense).
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Redundancy-CapacityTheorem

WeakVersion[ImpliedfromDavisson,1973,Gallager,1976]

Letn→∞.LetϕbeasetofMpointsθintheclassΛk,thataredistinguishable

byx
n
.Then,theminimaxandmaximinredundanciessatisfy

R
+
n(Λk)=R−

n(Λk)≥(1−ε)
logM

n

StrongRandomCodingVersion[Merhav&Feder,1995,1996]

Letn→∞.DefineadistributionoverΛk,andpartitionmostoftheclassΛεinto

disjointcountablesetsϕ,wherethemarginalofeachθ∈ϕisequal,andthereare

Mφ≥Msourcesinϕ,distinguishablebyx
n
.Then,

Rn(L,θ)≥(1−ε)
logM

n
,

foreverycodeL(·),andalmosteveryθ∈Λk.

Distinguishability

θandθ′distinguishableifxngeneratedbyθappearstobegeneratedbyθ′with
probabilitythatgoesto0andviceversa.
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UseofRedundancy-CapacityTheorem

WeakVersionforΛk

1.Demonstratehowtofindϕ.

2.LowerboundM.

3.Provethatallθ∈ϕaredistinguishablebyx
n
.

StrongVersionforΛk

1.DemonstratehowtodefinemostoftheclassΛε.

2.ShowthatΛεismostoftheclass.

3.ShowhowtopartitionΛεsuchthateverysourceinΛεisinexactlyoneϕ,

andsourcesinϕareuniformlydistributedwiththeuniformprioronΛk.

LowerboundM.

4.Provethatforeveryvalidϕ,allθ∈ϕaredistinguishablebyx
n
.

CompoundClasses
IfΛ=

⋃

kΛk,redundancyforθ∈ΛkconsistsofIntra-classredundancyinΛk,and
Inter-classredundancydistinguishingΛkfromΛ.
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RedundancyCapacity-Demo

ΛΛΛΛkΛΛΛΛεεεε

θ ∈ ϕ ϕ ϕ ϕ1111

θ ∈ ϕϕϕϕ2222

θ ∈ ϕϕϕϕ3333

Mϕ = 13
Mϕ = 10
Mϕ = 12

M = 10

•ThevolumeofΛkoutsideΛεassumednegligible.

•Anyθiscontainedinauniqueϕandhasequalprobabilitytootherθ′∈ϕ.

•Ineveryϕallpointsdistinguishablebyx
n
.

Bytheorem,foreverycodeandalmosteveryθ∈Λk,

Rn(L,θ)≥(1−ε)
log10

n
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Finitek-dimensionalParametricSources

•ϕdeterminedbyinitialshiftuinagrid(oneϕsufficientformaximin)

•θ∈ϕdistinguishableifϕisagridwithspacingn−0.5(1−ε)

Rn(L,θ)≥(1−ε)
k

2

logn

n

foreverycodeL(·)andalmosteveryθ∈Λ[Rissanen,1984]
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Distinguishability

SettingandProofinmostsourcessense

•Choosearandomgridϕ(asinrandomcoding).

•Generatex
n
byagivenθ∈ϕ.

•Letθ̂betheMaximumLikelihoodestimatorofθfromx
n
.

•Letθ̂gbethegridpointwhosecomponentsarenearestθ̂.

•ProvethatPe=Pr
(

θ̂g6=θ|θ
)

→0asn→∞.

Useunionboundoncomponentsofθ:

Pe≤
k∑

j=1

Pr
(

θ̂gi6=θi
)

≤
k∑

j=1

n·2
−n·minxn∈AiD

(

Pθ̂
i||Pθi

)

≤2
(logk)+(logn)−cnε/2

→0.

•Ai-theeventthatθ̂gi6=θi.

•D
(

Pθ̂i||Pθi
)

≥
c

n1−εforθ̂∈Ai,cisconstant.
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I.I.D.Sources-LargeAlphabetk-Minimax

[Shamir,2003]

ProblemswithLargek

•VolumeofΛkis1/(k−1)!(decreaseswithn),because

k−1 ∑

i=1

θi≤1.

•Toolargespacingingridn−0.5(1−ε)resultsinloosebound.

•Toosmallspacing(nk)−0.5(1−ε)resultsinlackofdistinguishabilityingrids.

Solution

•Buildnon-uniformgrids.

•Spacingnear
a
nproportionalto

√a
n1−ε/2.

•Numberofgridpointspreceding
a
nproportionalto

√a
nε/2.

Drawback

•Thisstructureviolatestherequirementsofthestrongversion,andthusisonly

goodforminimax/maximinredundancies.
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Minimax/MaximinRedundancy-I.I.D.Largek

•ϕisgridbelow,

•θ∈ϕdistinguishablebyabovedefinition(provedasinfiniteparametriccase),

•boundingnumberofpointsingridresultsin

R
+
n(Λk)=R−

n(Λk)≥(1−ε)
(k−1)

2n
log

n

k

XXX X
X

X

X

X

X X

XX

a0.5n-(1-ε/2)

X

X

X X XX

X

X

XXXXX

a/n
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MostSources-I.I.D.Largek

KeyRealizations

•Non-uniformgridaboveisnotusefulhere.

•Allsourcesoutsideak−1dimensionalspherewithradiusr=n−0.5(1−ε)

aroundθaredistinguishablefromθbyx
n
.

Method

•PackasmanyaspossiblesphereswithradiusrandvolumeVk−1(r)inthek−1

dimensionalspaceΛkofvolume1/(k−1)!.

•Placeθ∈ϕatcentersofthespheres(wholegridshiftedforrandomselection).

•Factorinpackingdensity2−(k−1)toreducenumberofpoints.

M≥
1

(k−1)!Vk−1(r)2(k−1).

Result

Rn(L,θ)≥(1−ε)
(k−1)

2n
log

n

k
foreverycodeL(·)andalmosteveryθ∈Λk.[Shamir,2003]

Note:Secondordertermislowerthanthatofminimax/maximinbound.



UniversalLosslessCodingPerformanceBounds12

'

&

$

%

PatternsInducedbyI.I.D.Sources

Motivation

•Classicalcompressionconsidersknownsmallalphabets.

•Sometimesalphabetisunknownandpossiblylarge.

•Codingcostofunknownalphabetisinevitable.

Approach

•Usetheinevitablecosttoimprovecompression.

•Codesequencepatternsinasecondstage.

Patterns

•Indicesassignedtooriginalsequencelettersinorderoffirstoccurrence.

•Example:Thestrings:x
n
=‘lossless’,‘sellsoll’,‘12331433’,‘76887288’all

havethesamepatternΨ(x
n
)=‘12331433’.

•Individualsequenceredundancystudiedin[Aberg,etal.,1997,Orlitskyetal.,

2002-].
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I.I.D.InducedPatterns-Derivation

•Anyθ′whichisapermutationofθappearstobethesamesource.

Example:typicalsequences-similarpatterns

θ={0.1,0.2}θ′={0.7,0.2}

x
n
=1223333333x

n
=3221111111

Ψ(x
n
)=1223333333Ψ(x

n
)=1223333333

•Thereareatmostk!suchpermutations.

Remaining
Space

00 11 1/21/2

1

X X

Same Types
X

X

Same Types

Original
Space

Remaining
Space

k = 2k = 3

Note:fork=3thisistrueforanycombinationof2outof3letters.
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PatternRedundancyBounds

•Thegrid(inbothmaximinandmostsourcecases)reduces

MΨ≥
Mi.i.d.

k!

•Fork≥n
1/3
toomanypermutationseliminatedmorethanonce,butworst

smallerkcanbeassumed.

•Moresequencescontributetocorrectdecisioninthegridtoallow

distinguishability.

Bounds[Shamir,2003]

•Averageminimaxlowerbound

R
+
n[Ψ(Λk)]≥











k−1
2nlog

n
1−ε

k3+
k−1
2nlog

πe
3

2−O
(

logk
n

)

,fork≤
(

πn
1−ε

2

)

1/3

(

π
2

)

1/3
·(1.5loge)·n−(2+ε)/3−O

(

logn
n

)

,fork>
(

πn
1−ε

2

)

1/3

•Averagemost-sourceslowerbound

Rn[L,ψ(θ)]≥











k−1
2nlog

n
1−ε

k3−
k−1
2nlog

8π
e3−O

(

logk
n

)

,fork≤
1
2·
(

n
1−ε

π

)

1/3

1.5loge
2π1/3·n−(2+ε)/3−O

(

logn
n

)

,fork>
1
2·
(

n
1−ε

π

)

1/3
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PiecewiseStationarySources-PSS’s

DefinitionofPSSψ
4
=(θ,t)∈Λq⊂Λ

•PSS-emitsdatadividedintoindependentstationarysegmentsseparatedby

abruptchangesinstatistics

•Λ-nthorderclassofPSS’s(containsallpossiblecombinationsofthe

k-dimensionalparametersforn-sequences)

•Λq-AllPSS’sinΛwithqsegments

•θ
4
={θ1,θ2,...,θq}-segmentalparameters

•t
4
={t1,t2,...,tq−1}-transitionpath(TP)

Redundancybound[Shamir,2000]

Rn(L,ψ)≥(1−ε)
(

1

2
kq+q−1

)

log(n/q)

n

foreveryL(·),foralmosteveryψ∈Λq,foreveryq.
intheminimax/maximinsenses.
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BoundDerivation-PSS’s

FiniteNumberofSegmentsq

1.Λεcontainsallψforwhichallsegmentslong(longerthann
1−ε/2),andall

transitionsarelarge.

2.Λεismostclassforfixedq.

3.PartitionΛεintosetsasfollows:

•Parsen-tupletophrasesoflengthl=n
1−ε.

•Forallψ∈ϕ,∀i,tiisapointinthesamephraseinagridwithspacingl
ε
.

•θiisapointinagridasdefinedforstationarysources.

•∀ψ∈ϕ,tiandθimustbefromgridswithidenticalinitialshifts.

4.Distinguishamongψ∈ϕasfollows:

•Usephrasesentirelyinsidesegmentstoestimateθi.

•Givenθ̂,estimatetransitionsfromrespectivegrids.

Bydefinitionofthegrids,theboundforfiniteq[Merhav,1993]results.
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t1 is one grid pointt2 is one grid point

PSS with q = 3

θ1 is one grid pointθ2 is one grid pointθ3 is one grid point

ψ ∈ ϕ ϕ22 : θ  : θ11 , θ θ22 ,θθ33 ,  t1, t2 are only blue points
ψ ∈ ϕ ϕ33 : θ  : θ11 , θ θ22 ,θθ33 ,  t1, t2 are only green points

Oε Phrase

Set ϕϕ  i contains all
combinations with

one point from each
of the five grids
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GeneralBoundDerivation-PSS’s

Largeq

1.Λεdefinedisnotmostclass.

2.Forverylargeq,probabilityoferrorinatleastoneofthesourceparameters

significantlyincreasestheoverallerrorprobability.

SolutionstoAsymptoticProblems

1.Λεcontainssourcesforwhichmostsegmentsarelongandmosttransitions

arelarge.

2.Reducesetsϕtoimprovedistinguishabilityforverylargeq.

TwodifferentCases

•q6Àn/q-almostsimilartofixedq(modifiedaccordingtomodification1

above).

•qÀn/q-requiresadditionalalgebraiccodingtechniquesfor

distinguishability.
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GeneralBoundDerivation-PSS’s,Cont.

SecondCase:qÀn/q

•Toomanyparameters.

•Errorinestimatingoneresultsinerrorinestimatingψ.

Solution-ReduceϕbyLinearBlockCodes:

•Letη>0bearbitrarilysmall,

•q′-numberof‘free’segmentalparameters,

•c′-numberof‘free’transitiontimes.

•(1−η)q′segmentalparametersand(1−η)c′transitionschosenfromgrids.

•Remainingparametersareparitychecks.

•Grids’resolutionschosentoyieldGaloisFields.

•EachgridpointisassignedanelementintheproperGaloisField.

•Codesdesignedtocorrectuptoαηq′errors(exist:Gilbert-Varshamov).

GuaranteesdistinguishabilityevenforqÀn/q,resultinginthesameasymptotic

bound(εisnowlarger).
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AdditionalSourceClasses

PSS’swithSlowlyLinearlyVaryingStatistics[Shamir,2001]

•qsegments,transitiondurationof(n/q)
α
:

Rn(L,ψ)≥(1−ε)

[

kq

2
+(q−1)

(

1−
α

2

)

]

log(n/q)

n

•Ifdurationsunknown,

Rn(L,ψ)≥(1−ε)
(

1

2
kq+q−1

)

log(n/q)

n

Hierarchicalversionofredundancy-capacityforcompoundclassmustbeused.

InsignificantcostabovePSS’s.

SwitchingSources-sstates[Shamir,2001]

Ifs≤(n/q)
0.5k(1−ε).Then,foreverycodeL(·)andalmostallsources

Rn(L,ψ)≥
(1−ε)

n

[

ks

2
log(n/s)+(q−1)log(n/q)+(q−s)logs

]

Otherwise,

Rn(L,ψ)≥
(1−ε)

n

(

1

2
kq+q−1

)

log(n/q)
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SummaryandConclusions

1.Theredundancy-capacitytheoremisveryusefultoderivelowerboundson

•minimax/maximinredundancyinuniversalcoding,

•redundancyformostsourcesinuniversalcoding.

2.Lowerboundsonredundancyinbothcaseswereobtainedfor

•finitenumberofparametersparametricsources,

•i.i.d.sourceswithlargealphabets,

•patternsinducedbyi.i.d.sources,

•piecewisestationarysources,

•piecewisestationarysourceswithslowlyvaryingstatistics,

•switchingsources.

3.Differenttechniquesfromcodingtheorywereused:

•randomcoding,

•spherepacking,

•algebraiccodedistancebounds.


