JOURNAL OF IATEX CLASS FILES, VOL. 1, NO. 11, NOVEMBER 2002

A Classi£cation of Posets admitting MacWilliams
| dentity

Hyun Kwang Kim and Dong Yeol Oh

Abstract—In this paper all poset structures are classifed
which admit the MacWilliams identity, and the MacWilliams
identities for poset weight enumerators corresponding to such
posets are derived. We prove that being a hierarchical poset
is a necessary and suffcient condition for a poset to admit
MacWilliams identity. An explicit relation is also derived between
P-weight distribution of a hierarchical poset code and P-weight
distribution of the dual code.

Index Terms— MacWilliams identity, poset codes, P-weight
enumer ator, leveled P-weight enumerator, hierarchical poset.

I. INTRODUCTION

ET I, be the £nite £eld with ¢ elements and 7 be the

vector space of n-tuples over F,. Coding theory may
be considered as the study of F; when Iy is endowed with
Hamming metric. Since the late 1980’s severa attempts have
been made to generaize the classical problems of the coding
theory by introducing a new non-Hamming metric on Fy (cf
[8 - 10]). These attempts led Brualdi et a. [1] to introduce the
concept of poset codes. First, we begin by brieay introducing
the basic notions of poset code such as poset-weight and poset-
distance. See [1] for details.

Let Iy be the vector space of n-tuples over a £nite £eld IF,
with ¢ elements. Let P be a partial ordered set, which will
be abbreviated as a poset in the sequel, on the underlying set
[n] = {1,2,...,n} of coordinate positions of vectors in Iy
with the partial order relation denoted by < as usual. For u =
(u1,ug,- -+ ,u,) € Fy, the support supp(u) and P-weight
wp (u) of u are defned to be

supp(u) = {i | u; # 0} and wp (u) = | < supp(u) > |,

where < supp(u) > is the smallest ideal (recall that a subset
I of Pisanidea if a € I and b < a, then b € I) containing
the support of w. It is well-known that for any u,v € F7,
dp(u,v) := wp(u —v) is ametric on Fy. The metric dp is
caled P-metric on Fy. Let F be endowed with P-metric.
Then a (linear) code C C Fy is caled a (linear) P-code of
length n. The P-weight enumerator of a linear P-code C is
defned by

Wep(z) =3 av») = Y A; pa’,
ueC =0

where A; p = [{u € C | wp(u) = i}|.
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Remark : If P is an antichain, then P-metric is equal to

Hamming metric. So P-weight enumerator of a linear code C
becomes Hamming weight enumerator of C.
The MacWilliams identity for linear codes over F, is one
of the most important identities in the coding theory, and
it expresses Hamming weight enumerator of the dual code
Ct of alinear code C over FF, in terms of Hamming weight
enumerator of C. Since Hamming metric is a special case of
poset metrics, it is natural to attempt to obtain MacWilliams-
type identity for certain P-weight enumerators. See [3 - 5]
for this direction of researches. Essentially, what enables us
to obtain MacWilliams identity for Hamming metric is that
Hamming weight enumerator of the dual code C* is uniquely
determined by that of C. The following example suggests that
we need some modi£cation to generalize MacWilliams identity
for certain type of poset weight enumerators.

Example 1.1: Let P = {1,2,3} be a poset with order
relation 1 < 2 < 3 and P = {1,2,3} be a poset with order
relation 1 > 2 > 3. Consider the following binary linear P-
codes:

C1 = {(0,0,0),(0,0,1)} , C2 = {(0,0,0), (1,1,1)}.
It is easy to check that P-weight enumerators of C; and Co
are given by
WCl,p(lE) =14+2%= Wc%p(l‘).

The dual codes of C; and C, are respectively given by

Ci ={(0,0,0),(1,0,0),(0,1,0),(1,1,0)}
and

C3 = {(0,0,0),(1,1,0),(1,0,1),(0,1,1)}.
The P-weight enumerators of Ci- and C3- are given by

Wer p(2) =1+ +22% Wey p(z) =1+ 2% + 227,

while P-weight enumerators of C;- and C5- are given by
WCf,ﬁ(x) =1 + CEQ + 21’3 = chf(x)

As it is seen above, athough P-weight enumerators of the

codes C; and C, are the same, P-weight of the dua codes

may be different. Fortunately,however, P-weight enumerators

of the dual codes are the same.

Feeding back this information we defne, for a given poset
P, the poset P as follows:

P and P have the same underlying set and
xﬁyin?@ygxinP.

The poset P is called the dual poset of P.

Defnition 1.2: Let P be a poset on [n]. It is said that P
admits MacWilliams identity if P-weight enumerator of the
dual code C+ of alinear code C over F, is uniquely determined
by P-weight enumerator of C.

For an illustration of our defnition, we give two classes of
posets which admit MacWilliams identity.
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In [11], Rosenbloom and Tsfasman introduced a new
non-Hamming metric which is called the p-metric or the
Rosenbloom-Tsfasman metric on linear spaces over £-
nite £elds. The p-metric is defned on the linear space
Maty, »(Fy), where Mat,, »(F,) is the set of al matrices
with m-rows and n-columns over [F,. For the sake of simplic-
ity, we introduce it only in the case m = 1 and refer to [2],
[12] for a general treatment. We remark that p-metric can be
realized as a poset metric over the digoint union of chains.

Now let m = 1. For u = (ug,ug, -+ ,u,) € Fy, we set
p(0) = 0 and p(u) = maz{i | u; # 0} for u # 0. For agiven
linear code C C T/, we deEne the p-weight enumerator for C
by

W(Clz) = S wi(C)z' = Y 2P,
=0 ueC
where w;(C) = [{u € C ’ p(u) =1i},0<i<n.
The following identity was obtained in [12, Theorem 4.4]:

(qz—DW(C*|2) +1 -2
= [CH e g1 - z>w<6|qiz> ter-1 @

where C**+ = {v € F? |< u,v >= 0 foral u € C}, and
n
<u,v>= Z UiUpg1—ge

If we putz Pl’ = {1,2,...,n} with order relation 1 < 2 <
... < n, then p-metric becomes P-metric and W (C**|z) =
WcJ_ F(z).

The MacWilliams identity for Hamming weight enumera-
tors and the work of Skriganov [12, Theorem 4.4] state that
antichain and chain on [n], n > 1, admit MacWilliams identity.

In this paper, we classify all poset structures which admit
MacWilliams identity. We also derive MacWilliams identities
for poset weight enumerators corresponding to such poset
codes.

Section 2 gives a necessary condition for a poset P to
admit MacWilliams identity. It will be proved that being a
hierarchical poset is a necessary condition for a poset P to
admit MacWilliams identity.

In section 3, MacWilliams identity for a hierarchical poset
code is derived, and it will be proved that our necessary con-
dition in Section 2 is aso a suf£cient condition for admitting
MacWilliams identity.

Section 4 examines the relationship between {A4; p }i=o,...n
and {A; ﬁ}i:O,...,n- More precisely, we will express explicitly
Al interms of Ajp,0 < j < n, using Krawtchouk
polynomials.

Il. NECESSARY CONDITION FOR ADMITTING
MACWILLIAMS IDENTITY

In this section, we will give a necessary condition for a
poset P to admit MacWilliams identity. First, a hierarchical
poset as the ordinal sum of antichains is introduced, and it
will be proved that being a hierarchical poset is a necessary
condition for a poset P to admit MacWilliams identity.

Let ny,no,...,n; be positive integers with ny +ng +-- -+
n; = n. We defne the poset H(n;nq,no,...,n:) on the set

{(i,4) | 1 <i<t,1<j<n;} whose order relation is given
by

(i,j) < (I,m) i<l

The poset H(n; nq,ne,...,n;) is caled a hierarchical poset
with t-levels and n-elements. For each 1 < ¢ < ¢, the subset
{(,5) | 1 <j < ni} of H(n;na,ng,...,n) is caled i*h-
level set of H(n;n1,ns,...,n), and it is denoted by T (IH).
Note that T(H) is an antichain with cardinality n;.

Let H(n;nq,ne,...,n;) be a hierarchical poset with ¢-
levels and n-elements. From now on, we will identify the
underlying set of H(n;nq,ne,...,n;) with the coordinate
positions of vectors in Fy by identifying the subset {n; +
no+---4+ni—1+1,...,n +na+ - +n;_1 +n;} of [n]
with the i level set T'*(H) in an obvious way. By convention
we set ng = 0.

For a poset P, we defne min(P) = {i € P |
i isminimal in P}. The following lemma is an immediate
consequence of the concepts developed so far and will be
useful in the sequel.

Lemma 2.1: Let P be a poset on [n] and P be the dual
poset of P. For u € Fy, we have

wp(u) =n < supp(u) 2 min(P).

For a given poset P, we put P’ = P\ min(P). Then P’ is
also a poset under the partial order relation induced from that
of P.

Lemma 2.2: Let P be a poset of cardinality n. Suppose
that min(P) has n, elements. Then, for each vector u € Fy
satisfying supp(u) C min(P),

™ | H{ve Fy |u-v=0 and wps(v) =n},
where a|b denotes that a divides b.

Proof : Without loss of generality, we may assume that
min(P) = {1,2,...,n1}. Since supp(u) C min(P), u
can be written in the form v = (aq,...,q;,0,...,0), where
0#a; eF,foral 1 <j<idiandi<n;. Let A bethe set
of vectors over F, of length ¢ defned by

A= {(bl,,bi) GF;LI | arby +---4+ab; =0 andb] #

0for1<j<i}
Then we have
v € Fp | u-v=0,ws(v) = n}| = |Alg" ™ (g — )™~

Lemma 2.3: Suppose that P admits MacWilliams identity.
Then, for each minimal element ¢ in P’ = P \ min(P) and j
in min(P), we have i > j.

Proof : Let |P| = n and |min(P)| = ny. If n = ny, then
the lemma is true. Hence we may assume that n > n;.
Weclaimthat | < i > | = 14+ |min(P)| for each i € min(P’).
Suppose not. Then we can choose i € min(P’) such that
| <i>| <1+ |min(P)|. Since| <i>| <1+ |min(P)|,
we can choose two vectors uq, us € Fy such that supp(u1) =
{i}, supp(ug) C min(P), and | < supp(u1) > | = | <
supp(uz) > |. Now we consider two linear codes C; and Cs
generated by u; and wus, respectively. Since | < supp(uy) >
| = | < supp(uz) > |, C1 and C; have the same P-weight
enumerator. It follows from our assumption that Ci- and Cs-
have the same P-weight enumerator. Therefore we should have
the following equation:

{v el |wp(v) =n} =[{veCy |wp(v) =n}l.
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It is immediate that
{v € C | wp(v) =n}[ =q"" " FD(g-1)™,
and it follows from Lemma 2.2 that
"™ | {v e Cy | wp(v) = n}l.

These yield that ¢"~" | "~ ("1 (g — 1)™. However it is
impossible, since ¢ is power of a prime. This prove that | <
i > | =1+ |min(P)| for each i € min(P’). The statement
of Lemma 2.3 follows immediately from this fact.

Remark : If i« € P/, then i > k for some k € min(P’).
Therefore we have obtained : if P admits MacWilliams iden-
tity, then for + € P’ and j € min(P), we have i > j.

Lemma 2.4. If aposet P admits MacWilliams identity, then
P’ aso admits MacWilliams identity.

Proof : Let |[P| = n and |min(P)| = ny. If n = ny, then
the lemma is true. Hence we may assume that n > n;.

Let C1,C5 be two linear codes of length n — ny with the
same P’-weight enumerators. We consider two linear codes of
length n defned by

Ci=FrPC:={(uv) |ueFr vel}i=1.2
It follows from the previous remark that C; and C, have
the same P-weight enumerators. Therefore Ci-,C5- have the
same P-weight enumerators. Since C- = {(u,v) | u =
0 € F',v € Cj*}, for i = 1,2, Ci* and C5- have the
same P’-weight enumerators. This proves that P’ also admits
MacWilliams identity.

From the above lemmas and inductive argument, we have
the following theorem.

Theorem 2.5 If P admits MacWilliams identity, then P is
a hierarchical poset.

I11. MACWILLIAMSIDENTITY FOR A HIERARCHICAL
POSET CODE

In this section, we will derive the MacWilliams identity for
ahierarchical poset code. Let C be alinear P-code of length n
over F,. We £rst introduce the ‘leveled” P-weight enumerator
Wep(x 2 yo,%1,- - -, y:) ad obtain an equation which relates
Wers(@ @ 2t41,2,...,21) with variations of leveled P-
weight enumerator of C. By specializing this equation, we will
obtain the MacWilliams identity for a hierarchical poset code,
and prove that our necessary condition in Section 2 is aso a
suf£cient condition for admitting the MacWilliams identity. In
this section, P will denote a hierarchical poset with ¢-levels
and n-elements unless otherwise specifed.

Let P = H(n;ny,n2,...,n:) be ahierarchica poset with
t-levels and n - elements on the set [n] = {1,2,...,n}. As
mentioned earlier, we identify the underlying set of P with the
coordinate positions of vectorsin Fy. Sincen=ny;+---+ng

adFy =F* QF;> D --- PFyt, foru € Fy, we may write

u = (ur,ug,...,u), and wu; € Fye.

For an integer 0 < ¢ < ¢, we aso use the following notation:
ni=n—(ny+-+n) =nip1+ -+,

ut) EF?.

For alinear P-code C, we defne C; and C} as follows:

Uj41 = (Uz‘+17 s

Ciz{UECIui+1:--~:ut:0}, and
C}z{uECl‘ul;«éO}
Let C be alinear P-code of length n over F,. We introduce

the ‘leveled’” P-weight enumerator We p (2 : yo,¥1, - - ., yi) Of
C as follows:

) yt) = mep (u)ysp(u)
ueC

=Aopyo+ (Aipx+---+ Ap, pr™ )y
+(An1+17pmnl+1 +F An1+n27P$nl+n2)y2

WC,P(x Yo, Yty -

_|_ e
41
+(An1+~~+n,,_1+1,Pxnl+ +ni—1+ + .-
Feotng
+An1+‘”+ntapxnl nf)ytv

where sp(u) = max{ilu; # 0} in the expression u =
(u1,...,u;) and A; p = {u € C | wp(u) = i}|.

For the sake of simplicity in our calculation, we aso
introduce the i‘"-level P-weight enumerator LWC(fi)(a:),l <
1 < t, as follows:

LW (x) = D An gyt
j=1
= (An1+---+m_1+1,Px1 +eee Am+~~+m7Pxni)zninﬁl-
By convention, we put LWé?F),(x) = Ay p.
Remark : (a) If we put yg =y; = --- =y = 1, then the
‘leveled” P-weight enumerator of C becomes the ‘usual’
P-weight enumerator of C:

t
Wep(o:1,...,1) = Wep(z) = > LWip(z). (2
=0
(b)y fweputy; =1for 1 <j<4andy,=0for k > 4,
then the ‘leveled” P-weight enumerator of C becomes the
P-weight enumerator of the subspace C;
(c) It is easy to see that

We,p(z) = We_, p(x) = LWip(x) = Y a*»®. (3)
weC?

Recall that an additive character x on F, isjust ahomomor-
phism from the additive group of F, into the multiplicative
group of complex numbers of magnitude 1. We give the
following lemmas about additive characters on F, which
play an important role in the proof of the main theorem
without proof. See [6], [7] for detailed discussion on additive
characters.

Lemma 3.1: Let x be a nontrivial additive character of F,
and o be a £xed element of F,. Then

ZX(W):{Z if =0

er ifa#0.
Lemma 3.2: Let x be anontrivial additive character of F,.
Then, for any linear code C over Iy,

o if ug Ct
> x(u-v) {C|

= if uect .
Let f be a complex-valued function defned on Fj. The
Hadamard transform f of f is deEned by
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2 x(u-v)f(v).
veFy
The following lemma, which is caled the discrete Poisson
summation formula, is an easy consequence of Lemma 3.2.
Lemma 3.3: Let C be alinear code of length n over I, and
J be afunction on Fy. Then

Zf(u) = |C|Zf

ueC
Lemma 3.4 If afunct|on f is defned on Fy by f(u) =

x# (W) | then its Hadamard transform f of f isgiven by

Flw) = Y x(u-v)f(v)
veFy
= (14 (g— D)1 — gy,

The MacWilliams identity for Hamming weight enumer-
ators can be obtained by applying discrete Poisson sum-
mation formula to the complex-valued function f(u) =
z%# () We now apply discrete Poisson summation formula
to the complex-valued function f(u) = z“»(z,_(,, where

sp(u) = min{i u; # 0} in the expression u =
(u1,...,us),u; € Fpi. By convention, we set s5(0) =t + 1.

We now analyze the value f(u) in detail.
0 <17 <t, we put

For an integer

Bi:{u:(ul,.. )EF”|U1 o= Uy =

0, and Uj41 7& 0}

Note that Fy} = U B; isadigoint union.

It follows from the above observation that
Fw) = 3 xw-v)f()
DGF“
= Z Z wp(v Zss(v)- (4)

i=0 veEB;

Denote the inner sum in (4) by S;(u),0 <i <t Forv € B;
with i < t, we have wp(v) = nipo + -+ 1 + wE(vig1) =
Nit1 + wi (viy1) and sp(v) =i+ 1, where i, =n — (nq +
ng+---+n;). Forv € Fy, wewritev = (vy,ve, -+ ,v;,0i11),
wherev; ;1 = (v1+1,vz+2,.. vy) € ]F”I Hence the inner sum
Si(u) in (4) fori < tis

Si(u) = E X(u~v)m“’f(”)zsﬁ(v)
veEB,;
_ {L‘HHIZZ'+1 § :X(U v)mwy(murl)
veEDB;
= 2"tz E X (Uit - Vito)
m+2€IF vt

« Z wy (Vig1)

Vit1 #06F3i+1

X(Wit1 - vig1)w

It follows from Lemma 3.4 that

>

’Ui+17£06]F:;i+1

- -z wi (wit1) _
()™ QM L

X(Ui+1 . le)wa(viH)

l1—z

where Q(z) = . Hence we have

14+(¢—1)x
S = e a Y x(@- i)
v1+2€]F Vit
1 _
~ m+1Q why(Wiy1) 1
(Gl )
_ 1—

S Q) e < 1)

Q(x)

X(Uitz - viy2).

X Z Uito

P L
vit2€F, i+l

For ¢ < t, it follows from the Lemma 3.2 that

0 if 4iya #£0€FIH

Si(u) = { (g2)" 241
X ((Q(m yrenrQ(z)wr (e — 1) if uis =0 .
®)
For i =t, it is clear that S (u) = 2z441.
~ t—1
Hence we have f(u) = zi41+ Y Si(u), where S;(u) is given
=0

by (5).
Let C be alinear P-code of length »n over IF;, where P =
H(n : nq,...,n:) is a hierarchical poset with ¢-levels and n-
elements. For 0 < i < ¢, we consider the subspace C; of C
defned by
Ci={u=(ug,...,

ut) € C‘Ui+1 = =U = O}

Note that C; is the subset of the codewords « of C satisfying
u;11 = 0. Therefore it follows from (5) that

> Si(u)= Y Si(u)

ueC u€Ciy1
Vit -z n; wp (u;
= (@) "z ), ((Gry) Q@) —1(8)
1LEC1+1

Denote the right hand side of the sum in (6) by S(C;+1). Then,

S(Cit1)
1—
— Njt1 wr(Wit1) 1
= (1 + g = D)™ Y Q) ) — 10 |(7)

u€Ciy1

Put C?+1 = {u S Ci+1 | Ujt1 = 0} and Cl-l_,'_l = {u S Ci+1 |
u;+1 # 0}. For each u € C}, |, we have
wp(u) = wH(uiH)—&-nl—i—ng—lm ceny = wH(uiJrl)—l—(n—ﬁi).

It follows from this observation that the inner sum in (7) is

(DR T ()R ) (Gl

ueCl,,
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It follows form (2) and (3) that

ZSi(u)— Z Sz(u)

uel ’U.GCH_l
_ 1 _
= (qz)" " (1 + (¢ — D)™ (=)™
(2)
X Zit1 Z Q(a) )
uecilJrl
+(gr)" Pz (1GIA+ (g = D)™+ —|Cipal )
— i+1 1 _ i
(e )
x LWEED (Q(x)) 211
+(gz) 2 (1GI(1+ (g — D)™+ = [Cita] ) (8)
Since
. ¢ t—1
flw)y=73 > x(u- U)xwﬁ(”)zsf(v) = zt11 + Y Si(u),
i=0 vEB; i=0
we have
> f(u)
uelC
t—1
= [Claes1 + Z ZSz(U)
ueC =0
- t—1
n i+1
= [Clz41 + (1 — x) Zai(x)LWC(,; )(Q(x))ZiJrl
i=0
t—1 t—1 -
Y bi@)Cilzien — Y (q2) " Cialzipr, (9)
i=0 i=0
where a;(z) = (@)n*nﬁl(l — )™ and b(x) = (1+

(g D))" (qa) oo

t .
Since Wep(z : 1o, S LW h(x)yi Q) =

ou) = 2
Loz —and a;(x) = (FCDZynnit (1 g) ) the £ret

1+(g—1)z’ qx
summation in (9) becomes

qr ., 1-—-

f07f1>"'

aft)? (10)

ifi=0

11
ifi>1. (1)

0
fi = —Dz\n—n;
(R

Since |Cz| = Ao,p —+ (Al’p —+ .-
+ An1+-~'+ni7P

_ x)n/i:l Zi

+ Anl,P) + - 4+

(Any4tn; 1+1,p + -+ ), we have the fol-

lowing equation:

Zb
= bo( )|C0|Zl + b1($)|C1|22 + -+ bt,l(:v)|Ct,1|zt
= onp(bo(x)zl + b1 (I)ZQ + e + bt_l(JC)Zt)
(A + -+ Ay p)(01(@) 22 + -+ b1 () 2)
ot

H(Any oty g1, P

)ICilziva

+ Anl—‘r---—‘,—nt_l,P)bt—l(x)zb

1=j

(Recall that b,( 2) = ()" (1 + (g — 1))
Since LW (1) = [Cil=1Ci-1| = Apypoin g1+
t .
Anytotmep ad Wep(L : yo,...,m) = 3 LW p(L)ys,
=0
the second summation in (9) becomes
t—1 t )
Zbi(x)|ci|zi+1 = ZLWC(%(DQ
1=0 =0
= WC,P(]- ZQnglvu'agt)a (12)
where
t—1

S () (14 (g — Da) "+ 2y f0<j<t—1
gj = § i=j

0 ifj=t.
(13
In the same manner, the last summation in (9) becomes
t—1 -
> (qr)" zia|Cir| = Wep(L:ho,ha,... h)(14)
=0
where
t —
So(gr)miz  if1<j<t
hj =7 (15)
Si(gr)hz  ifj=0.
i=1
By applying discrete Poisson summation formula
> fw) = T flw),
ueCt ueC

we £nally aobtain the following theorem.

Theorem 3.5: Let P = H(n : nq,...,n;) be the hierarchi-
cal poset of n-elements with t-levels and C be alinear P-code
of length n over F,. Then

WcLﬁ(w:ZtJrlwwyZl Zf
7 |C|u€C
1 T
=zt g (2" Wer Q) foroo fo)
—I—Wc’p(l 1 4oy - - ,gt) — Wap(l 2 hg,... 7ht) ),
where Q(z) = 1-‘,—%;7—‘7:1); and f;, g;, h; are given by Equations
(11), (13) and (15).
If weput zgs = 290 =+ = 241 = 11in Theo_rem 3.5,
then WCLﬁ(az :1,1,...,1) becomes the ‘usua’ the P-weight

enumerator W, (z) of the dual code C* on the poset
P. Hence the P-weight enumerator of the dual code C* is
uniquely determined by the P-weight enumerator of C itself.

Combining this with Theorem 2.5, we obtain the following
main theorem.

Theorem 3.6: A poset P admits MacWilliams identity if
and only if P is a hierarchical poset.

As an illustration, we apply Theorem 3.5 to specia cases,
and compare our results with the previous result.

Let P be an antichain of n-élements, that is, P is a
hierarchical poset with 1-level. Put z; = 25 = 1. The equations
(11), (13) and (15) can be written as follows:
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fo=0, flz(%) (1—2)", (16)
go=(1+(¢—-1Dz)", ¢ =0, (17)

ho=h; = 1. (18)

After a simple calculation, we obtain the following corol-

lary.
Corollary 3.7: Let P be an anti-chain of n-elements and C
be a linear P-code over [F,. Then,

Wes(z) =Weo gz :1,1)
1 11—z
= o+ = D) We (=55 ) - (@9
We remark that (19) is exactly the * classcal acWilliams

identity for Hamming weight enumerators (cf [7, Ch5, Theo-
rem 13]).

Let P be a chain of ¢t-elements, that is, P is a hierarchical
poset of t-levelsand ny = --- =n, =1 sothan; =¢t—1
for0 <i<t¢. Putz; =2 =...=2z = 1. Then we have the
following equations:

B 0 4 ifi=0
fi= (1— @)t (e if1<i<t,
(20)
gi = Hq(xqi_ll)x((qx)t‘i -1 ifo<i<t, (21)
- g ((gr)' = = 1) if 1<i<t
R P (CZO R if1<i<t
(22)
From (20), (21), and (22), we have the followings:
t -z
(1q_xx) WC,P ( 1_1_((]7_11)30 : f07"'7ft)
— (1= 2)(ga)" (Wer() = 1), 23)
Werp(l:go,.--,61)
14+ (g1 : 1
T ((g2) WC,P(qfx) —lcl), @8
Wep(1:ho,... h)
t+1
= Wep () - el () (@9)

qr — 1 ¢ qr qxr —
By applying (23) — (25) to Theorem 3.5, we have the

followings:
We. p(x) = W pla:1,1,...,1)
qr —1
L @)t 1-a) ,
o 1 Wer(— . (26
c| w1 cﬁp(qx)—&-m(qx) ). (26)

Note that |C||C*| = ¢' and some computations yield the
following corollary.

Corollary 3.8: Let P be a chain of n-elements and C a
linear P-code over [F,. Then,

(g2~ )Wei p(e) +1 -2

1
=|ct|z"tt (q(1—2)Wep(— )tz -1 ). (27)
This is the same as the result in [12, Theorem 4.4].

IV. RELATIONSHIP BETWEEN WEIGHT DISTRIBUTIONS

Let P = H(n;nq,...,n:) be a hierarchical poset of n-
elements with ¢t-levels and P beits dual poset. Let C be alinear
P-code of length n over F,, and let {A; p}i=o,..n (resp.
{A’ —}izo,...n) be the weight distributions of the P(resp. P)
—codeC (resp Ch), that is, A;p = [{u € C | wp(u) = i}|
while A’ 5 = [{v € C* | wp(v) = i}|. In this section,
we will study the relationship between {A;p}i—o.....
{AZ P}Z ,,,,, n- More precisely, we will express explicitly A’
in térms of A] p,0 < j < n, using Krawtchouk polynomlais

Before proceeding with hierarchical posets, we brieay re-
view the relationship between {A’},—o,...» and {A;}i—o... n,
where A} = |{u € C* | wy(u) = i}| and A; = [{u € C |
wg(u) = ¢}|. For convenience, we set v = ¢ — 1 in this
section.

DeEnition 4.1: For any prime power ¢ and positive integer
n, the Krawtchouk polynomial is defned by

k
= J)\k—=J
These polynomias have the generating function

ZPk

Theorem 4.2: (Relationship between Hamming weight dis-
tributions) Let C be a linear code of length » over F,. Then

1 < ,
Al = I > AP
=0

where A = [{u € C* | wu(u) = k}| and 4; = [{u € C |
wp(u) = i}

Let P = H(n;nq,...,n:) be a hierarchical poset of n-
elements with ¢-levels and C be a linear P-code of length n
over F,. We defne LWéf%,(m, y) as follows:

Pi(x:n) =

(1—|—'yx) (1—x) 8, 0<i<n. (28)

LWC(i)(x y ZAn1+ Ani 1+ L n7—yyn1+ it (29)

7j=1

Then it is easy to see that

LW (x,y) = We, p(2,y) — 2" We,_, p(x.y).  (30)
The LW{'p(x,y) is aso caled the i*" level P-weight enu-
merator of C.

By setting 2y = 20 = -+ = 2,41 = 1 in Theorem 3.5, we

obtain the following theorem.
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Theorem 4.3: Let P = H(n;nq,...,
P-code over Fy. Then

n¢) and C be a linear

Wcj_’ﬁ(x)
t—1
1 (qz)™h (z+1)
1+ > w1+ a1 - a)
ICl = (L — )

\c\Z @)™ ((L472)" (G| =[Gl ) - (8D

-+ n;, the following equation can be
9), and (30):

Sincen —n; =nq + -
easly derived from (28), (2

%LW(“”Q +yz,1—x)
41 Nit1
= (qx)n/iil ( Z Apytoini Pe( i i) ) z

k=0 j=1
For convenience, we set
Ti41

ak(j : niv1) Z Anytognii Pr(G s nig).

Jj=1

Since Py(j : niv1) = 1, we have

MNi41
ao(j i miv1) = D Anitognity = [Cina| = Gl (3D
j=1
Therefore, the £rst summation in (31) becomes
MNi41
Mit1 iem 1\ pF
P4 Z gz kz:%ak(J nig1)z” ) (33)

It follows from the binomial series that the last summation in
(31) becomes

t—1 Mi41

g e (e el + 3 (" )et )

By (32), (33), and (34), the RHS of (31) in the Theorem 4.3
becomes

P Z qz)"

Mi41 ' nl
<Y (atisn)+ ("7 )0tel) o @
k=1

On the other hand, the LHS of (31) in the Theorem 4.3 can
be written as

Wer s(@)

=A 5+ A BT
(A:L 41, P$+

+...

i
+ (Am+ ngp1,PT T

Mi41

— Tjt1 E k
=1+ Z x Ant+ An; otk P :

4+ A S

ne, P
’
-t Ant +ni—1,P

-1 ) "t

!
+ Am+~-+n1fz

ni ) CCnt+m+n2

(36)

7
- . e .
Since ak(] : niJrl) = Z An1+---+ni+j,PPk(] : ni+1) and
ny+--
ICi| = Z Ak, we have the following theorem from (35)

and (36). (Note A =Ap=1)

Theorem 4.4: Let P = H(n;ny,...,n:) be a hierarchica
poset of n-elements with ¢-levels and C be alinear P-code of
length n over Fy. Then, foreach 0 <4 <t—1,1 <k <y,

/
71,,,+~~n,-,+2+k,?
qn/’i-Il Mit1

€]

Pe(f i mig1) Any4ogmi 45, P
P

Ni+1\ g
()
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