The interplay of analysis
and algorithms

(or, Computational Harmonic Analysis)
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Sparse representation

Represent or approximate signal, function
by a linear combination of a few atomic
elements

A ot N o OO i et e R T R e A g T s A e e R e B il i ol o R R e T S e TR IR o A I T L

i Rt nnon il ey B T g I e ik e T Lo ik et A W o, p A B - et et R B AT A et e el St ..qla._“_/ L i ey e e e A e M ) e L IR T T I Mo R - e

B 2 Aaj b et S E ) ""’""'n"‘-‘: By i s b i e R A B S L PRy TR e O 7 e e R S T T s AT AR P St

: Fral st Y el w0 o7 1 % e i) "_‘-._~:"«,-~.".-.n.,-.----"":-,.5'-.:'--.-- s RN B T R e ) B e R S Sl R e U e SR s Sl i A s iba
e, O sty T e e o R L B, e T o o L W o ¥ e i 5 X 3 Tk o




Compressed Sensing

Noisy, sparse signals can be approximately
reconstructed from a small number of
linear measurements
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Recovery = find significant entries
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parse representation = signal recovery
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How to compute!




SPARSE

Signal space: dimension ¢

Dictionary: finite collection of unit norm atoms

Dl e

5 : y
S e It - & s - i o s
b} .1} “'.' Tk -\.'{""r ik -' o .:.- 1k ":'h'u'“---' s s
PR A R L A B ' o e




Applications

Approximation theory
Signal/Image compression

Scientific computing, numerics
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If dictionary is ONB, then SPARSE
~Is easy (in polynomial time)




Incoherent dictionaries
(a basic result)

n-coherent dictionary, 1 = smallest angle
between vectors

m = number of terms in sparse representation
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Future for sparse approximation

Hardness of approximation is related to hardness of SET
COVER

Approximability of SET COVER well-studied (Feige, etc.)
Need insight from previous work in TCS

Geometry is critical in sparse approximation
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Exponential

time O(Zd)

Polynomial

time O(d?)

SPARSE,
geometry

General
SPARSE

Matrix
multiplication




Computational
Resources




Models: Sampling

measurements: m-sparse signal,
length N = m log d length d




Models: linear
measurements

measurements: m-sparse signal,
length N = m log d length d
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Models: Dictionary

Orthonormal bases
Fourier
Wavelets




Results: Fourier

Theorem: On signal s with length d ,AAFFT
bUI|C|S m-term Fourler representatlon T in




Why sublinear resources!?

z 60 Frequency Exact Superposition DFT Run Time
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Signal Size




AAFFT sparsogram: samples=2.8687% run time=0.792
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FFTW sparsogram: samples=100% run time=0.784
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Extensions, applications

Generalize Fourier sampling algorithm to
sublinear algorithm for linear chirps
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Results: VWavelets

Theorem: On signal s with length d, streaming
algorithm builds m-term wavelet representation

in time poly(m log d/e) using poly(m log d/e)
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Results: Chaining

Theorem: With probability at least 1 — 3 , the random
measurement matrix @ has the following property.
Suppose that S is a d-dimensional signal whose best m-term
approximation with respect to £1 norm is Sm,. Given the
sketch v = ®s of size O(mlog” d) and the number m, the
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Algorithmic linear
dimension reduction in /¢

Theorem: Let Y be a set of points in R
endowed with the /1 norm. Assume that each

point has at most m non-zero coordinates. These

points can be linearly embedded in 41 with
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Results: HHS

Theorem: With probability at least 1 — d~? , the random
measurement matrix @ has the following property. Suppose
that S is a d-dimensional signal whose m largest entries are
given by Sy,. Given the sketch v = ®s of size

mpolylog(d) /e




Desiderata

Uniformity: Sketch works for all signals
simultaneously

Optimal Size: mpolylog(d) measurements

24 7 gk e T T . s e Y
L A 3 o oy ‘1}.-, SRR AR Ta .l,.. . -""1;, oo 3
sl e R e \ _ R
& 2 = TR R S T R e Ml RO
) — e e, ¥ s el

N







Related VWork

Uniform  Opt. Storage Sublin. Query
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Remark: Numerous contributions in area are not
strictly comparable

Gilbert et al. 2001, 2005: Cormode-Muthukrishnan 2005;

Candes-(Romberg)-Tao 2004, 2005; Donoho 2004, 2005....






Signal Information Recovery

signal space statistic space

statistic map

>

U

information map
(measurements)

information space
recovery

algorithm

Golomb-Weinberger 1959




More Formal Framework...

What signal class are we interested in?
What statistic are we trying to compute!
How much nonadaptive information is necessary to do so?

What type of information? Point samples? Inner products!?
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http://www.math.lsa.umich.edu/~annacg
http://www.math.lsa.umich.edu/~annacg
mailto:annacg@umich.edu
mailto:annacg@umich.edu

Isolation = Approximate




Approximate group testing

Want to find m spikes at height 1/m,||noise||; =1
Assign d positions inton = m log dgroups by ®

> c1m of m spikes isolated
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